In this paper we extend the almost complex Poisson structures from almost complex manifolds to almost complex Lie algebroids. Examples of such structures are also given and the almost complex Poisson morphisms of almost complex Lie algebroids are studied.
1 Introduction and preliminaries
Introduction
The Poisson manifolds are the smooth manifolds equipped with a Poisson bracket on their ring of smooth functions. The importance of Poisson structures both in real and complex geometry is without question. Short time after their introduction in the real case [23, 45] the Poisson structures were studied in the context of some different categories in differential geometry as: (almost) complex analytic category [5, 9, 15, 17, 21, 22, 24, 33, 34, 37, 46] , foliated category [4, 40, 41, 42] or Banach category [7, 16, 31, 32] .
In [24] Lichnerowicz introduces the general concept of complex Poisson structure, as a 2-vector π 2,0 of bidegree (2, 0) on a complex manifold M such that Related to this tensor, a bracket {·, ·} on the algebra of complex differentiable functions is defined, and when π 2,0 is holomorphic, this bracket can be reduced to the algebra of holomorphic functions on the complex manifold, see also [37] . These structures play an important role in mathematics and mathematical physics, as well as the holomorphic Poisson structures, for example, in the study of complex Hamiltonian systems, see for instance [3, 37] . The local structure of holomorphic Poisson manifolds was given in [37] , just in the real case [45] . Other generalizations as almost complex Poisson structures and ∂-symplectic and ∂-Poisson structures was studied in [9] and [33] , respectively, and also certain significant studies concerning holomorphic Poisson manifolds in relation with corresponding notions from the real case are given in some recent papers [21, 38] .
The Lie algebroids [25, 26] are generalizations of Lie algebras and integrable distributions. For some algebraic extensions see, for example, [2] . In fact a Lie algebroid is an anchored vector bundle with a Lie bracket on module of sections. The cotangent bundle of a Poisson manifold has a natural structure of a Lie algebroid and between Poisson structures and Lie algebroids are many other connections, as for instance for every Lie algebroid structure on an anchored vector bundle there is a specific linear Poisson structure on the corresponding dual vector bundle and conversely, see [43, 44] .
The almost complex Lie algebroids over almost complex manifolds were introduced in [6] as a natural extension of the notion of an almost complex manifold to that of an almost complex Lie algebroid. This generalizes the definition of an almost complex Poisson manifold given in [9] , where some examples are also given. In [18] some problems concerning to geometry of almost complex Lie algebroids over smooth manifolds are studied in relation with corresponding notions from the geometry of almost complex manifolds.
Also, we notice that the Poisson structures on real Lie algebroids are introduced and studied, see for instance [1, 10, 11, 12, 20, 30, 35] .
The aim of this paper is to continue the study of Poisson structures, giving a natural generalization of almost complex Poisson structures from almost complex manifolds [9] to almost complex Lie algebroids.
The paper is organized as follows. In the preliminary section, we briefly recall some basic facts about Lie algebroids as well as the Schouten-Nijenhuis bracket and Poisson structures on Lie algebroids. In the second section we briefly present the almost complex Lie algebroids over smooth manifolds and also recall the Newlander-Nirenberg theorem and almost complex morphisms for almost complex Lie algebroids. Next we introduce the notion of almost complex Poisson structures on almost complex Lie algebroids and we describe some examples of such structures. Also, the complex Lichnerowicz-Poisson cohomology of almost complex Poisson Lie algebroids is introduced. We consider morphisms of almost complex Lie algebroids preserving the almost complex Poisson structures that induce almost complex Poisson structures on Lie subalgebroids. Also, we characterize the morphisms of almost complex Poisson Lie algebroids in terms of its Graph which is a J E -coisotropic Lie subalgebroid of the associated almost complex Poisson Lie algebroid given by direct product structure.
Compatibility conditions between complex structures and Poisson structures arise naturally in the real form of holomorphic Poisson manifolds and Lie algebroids; see , for example, [21] . These compatibility conditions are particular cases of Poisson-Nijenhuis structures as studied, for example in [12, 20] . In the last section we give examples of integrable almost complex structures and almost complex Poisson structures that are not compatible and that arise naturally on Lie algebroids on each sphere S 2n−1 , n ≥ 1. These examples motivate the study of almost complex Poisson Lie algebroids studied in this paper, where the almost complex and the Poisson structures are not submitted to compatibility conditions.
The main methods used here are similarly and closely related to those used in [9] for the case of almost complex Poisson manifolds.
Preliminaries on Lie algebroids
Definition 1.1. We say that p : E → M is an anchored vector bundle if there exists a vector bundle morphism ρ : E → T M . The morphism ρ will be called the anchor map.
be two anchored vector bundles over the same base M with the anchors ρ : E → T M and ρ ′ : E ′ → T M . A morphism of anchored vector bundles over M or a M -morphism of anchored vector bundles between (E, ρ) and (
The anchored vector bundles over the same base M form a category. The objects are the pairs (E, ρ E ) with ρ E the anchor of E and a morphism φ : (E, ρ E ) → (F, ρ F ) is a vector bundle morphism φ : E → F which verifies the condition ρ F • φ = ρ E .
Let p : E → M be an anchored vector bundle with the anchor ρ : E → T M and the induced morphism ρ E : Γ(E) → X (M ). Assume there is a bracket [·, ·] E on Γ(E) that provides a structure of real Lie algebra on Γ(E).
There exists a canonical cohomology theory associated to a Lie algebroid (E, ρ E , [·, ·] E ) over a smooth manifold M . The space C ∞ (M ) is a Γ(E)-module relative to the representation
Following the well-known Chevalley-Eilenberg cohomology theory [8] , we can introduce a cohomology complex associated to the Lie algebroid as follows. A p-linear mapping
denote the vector space of these cochains.
for ω ∈ C p (E) and s 0 , . . . , s p ∈ Γ(E), defines a coboundary since
is a differential complex and the corresponding cohomology spaces are called the cohomology groups of Γ(E) with coefficients in C ∞ (M ).
From now on, the subspace of skew-symmetric and C ∞ (M )-linear cochains of the space C p (E) will be denoted by Ω p (E) and its elements will be called p-forms on E (or p-section forms on E). As in [11] , the Lie algebroid cohomology
It is a natural generalization of the Lie algebra case, as studied in [8] .
of anchored vector bundles with property that:
We also say that ϕ is a M -morphism of Lie algebroids.
Remark 1.1. Alternatively, we say that ϕ :
The Lie algebroids over the same manifold M and all M -morphisms of Lie algebroids form a category, which (via a forgetful structure) is a subcategory of the category of anchored vector bundles over M .
Let (E, ρ E , [·, ·] E ) be a Lie algebroid over M . If we consider (x i ), i = 1, . . . , n a local coordinates system on M and {e a }, a = 1, . . . , m a local basis of sections on the bundle E, where dim M = n and rank E = m, then (x i , y a ), i = 1, . . . , n, a = 1, . . . , m are local coordinates on E. Also, for an element y ∈ E such that p(y) = x ∈ U ⊂ M , we have y = y a e a (p(y)). In a such local coordinates system, the anchor ρ E and the Lie bracket [·, ·] E are expressed by the smooth functions ρ 
. . , n is a local coordinate system on M and {e a }, a = 1, . . . , m is a local basis of sections on E, then the structure functions ρ The equations (1.5) are called the structure equations of Lie algebroid (E, ρ E , [·, ·] E ).
Poisson structures on Lie algebroids
As in the classical settings from the geometry of Poisson manifolds, [39] , the Schouten-Nijenhuis bracket on a Lie algebroid (
for every s i , t j ∈ Γ(E), [20] , where
Let us consider the bisection (i.e. contravariant, skew-symmetric, 2-section) π E ∈ Γ( 2 E) locally given by 
Also, we have the map π
Let us consider now the bracket
where L denotes the Lie derivative in the Lie algebroids calculus framework, [27] , and ω, θ ∈ Ω 1 (E). With respect to this bracket and the usual Lie bracket on vector fields, the map
is a Lie algebra homomorphism, namely
and it results that (E * , [·, ·] πE , ρ E ) is a Lie algebroid, [20] . Moreover, we can define the Lichnerowicz type differential d πE :
We have d πE • d πE = 0 and, hence we get the cohomology of Lie algebroid (E * , [·, ·] πE , ρ E ) which generalize the Lichnerowicz-Poisson cohomology for Poisson manifolds [23, 39] .
Poisson structures on almost complex Lie algebroids
In the first subsection of this section we briefly present some elementary notions about almost complex Lie algebroids over smooth manifolds. In the second subsection we introduce the notion of almost complex Poisson structure on almost complex Lie algebroids and we describe some examples of such structures. Also, the complex Lichnerowicz-Poisson cohomology of almost complex Poisson Lie algebroids is introduced. In the last subsection we consider the morphisms between almost complex Lie algebroids preserving the almost complex Poisson structures and induce almost complex Poisson structures on Lie subalgebroids. Also, we characterize the morphisms of almost complex Poisson Lie algebroids in terms of its Graph which is a J E -coisotropic Lie subalgebroid of the associated almost complex Poisson Lie algebroid given by direct product structure.
Almost complex Lie algebroids
In [6] is given the definition of an almost complex Lie algebroid over an almost complex manifold, which generalizes the definition of an almost complex Poisson manifold given in [9] , as follows.
Consider a 2n-dimensional almost complex manifold M , with an almost complex structure
be a Lie algebroid over M with rank E = 2m. According to [6] , an almost complex structure
However, for our purpose we do not need the relation J M • ρ E = ρ E • J E and so we will consider the almost complex Lie algebroids over smooth manifolds M .
over a smooth manifolds M endowed with an almost complex endomorphism (i.e. an endomorphism J E of E such that J 2 E = −id Γ(E) ) will be called an almost complex Lie algebroid.
The standard examples of almost complex Lie algebroids are given by the tangent bundle of an almost complex manifold (M, J), the cotangent bundle of an almost complex Poisson manifold (M, J, π 2,0 ), the tangent bundle of a complex foliation, the prolongation of a Lie algebroid over its vector bundle projection, see [18] .
By complexification of the real vector bundle E we obtain the complex vector bundle E C := E ⊗ R C → M and by extending the anchor map and the Lie bracket C-linearly, we obtain a complex Lie algebroid (E C , [·, ·] E , ρ E ) with the anchor map ρ E : Γ(E C ) → Γ(T M C ), that is, a homomorphism of the complexified of corresponding Lie algebras, and [
Also, extending Clinearly the almost complex structure J E , we obtain the almost complex structure J E on E C .
As usual, we have a splitting
according to the eigenvalues ±i of J E on E C . We also have
Similarly, we have the splitting
according to the eigenvalues ±i of J * E on E * C , where J * E is the natural almost complex structure induced on E * . We also have
We set
For an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) we can consider the Nijenhuis tensor of J E defined by
Also, using a standard procedure from almost complex geometry, [13, 47] , we have proved the following Newlander-Nirenberg type theorem:
over a smooth manifold M the following assertions are equivalent:
(v) the real Nijenhuis N JE from (2.3) vanish, namely J E is integrable.
The above Newlander-Nirenberg type theorem says that for any integrable almost complex structure J E on an almost complex Lie algebroid (E, ρ E , [·, ·] E ) we have the usual decomposition
we obtain the following identities:
Hence, in this case we have a Dolbeault type Lie algebroid cohomology as the cohomology of the complex (Ω p,• (E), ∂ E ). We notice that in more situations in this paper we will consider the case when J E is integrable.
be two almost complex Lie algebroids over a smooth manifold M .
A M -morphism ϕ of almost complex Lie algebroids is naturally extended by C-linearity to
is a M -morphism of almost complex Lie algebroids over M , then the following assertions are equivalent:
for any s 1 , . . . , s p ∈ Γ(E 1,0 ) and t 1 , . . . , t q ∈ Γ(E 0,1 ).
(iv) The morphism ϕ is almost complex.
Almost complex Poisson Lie algebroids
be an almost complex Lie algebroid over a smooth manifold M . Then the complexification V
As in the usual case of almost complex Poisson manifolds, [9] , with respect to the graduation above, we have the following decomposition of the Schouten-Nijenhuis bracket on E:
for every S ∈ V p,q (E) and T ∈ V r,s (E). In particular, the bracket of two sections of type (1, 0) may not be of type (1, 0) .
If the almost complex structure J E is integrable then the Schouten-Nijenhuis bracket on E has the property [S, T ] E ∈ V p+r−1,q+s (E) ⊕ V p+r,q+s−1 (E) (2.7)
for every S ∈ V p,q (E) and T ∈ V r,s (E). In particular, the bracket of two sections of type (1, 0) is again of type (1, 0).
Associated to an almost complex Poisson structure on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) there is a bracket on the algebra of complex functions
and it satisfies the skew-symmetry condition, the Leibniz rule and the Jacobi identity (which in fact is equivalent to the first relation from (2.8)).
Also, from (2.6), we easily obtain
E defines an almost complex Poisson structure on an almost complex Lie
are real Poisson structures on E; the converse also holds.
Remark 2.1. The converse in the above proposition is not true if only one of the tensors π E or π ′ E is real Poisson, unless J E is integrable.
Example 2.1. (∂ E -holomorphic symplectic structures). According to [19] 
), see [18] . As similar to [33, 34] , when J E is integrable, we can consider the notion of a ∂ E -symplectic structure on an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) as a non-degenerated ∂ E -closed (2, 0)-form ω 2,0 ∈ Ω 2,0 (E). As it happens in the case of real symplectic structures on Lie algebroids, there exists the isomorphism µ :
and comparing the bigrade of both terms of above equality, we have
Now, as a consequence of (i) and that ω 2,0 is ∂ E -closed , we obtain the Jacobi identity, hence
If in addition, we require that the base manifold M to be complex and ω 2,0 to be a holomorphic 2-form on E (that is a (2, 0)-form on E with coefficients holomorphic functions on
E is a holomorphic 2-section (or equivalently π
2,0
E is anti-holomorphic 2-section) and then, the condition π 2,0 E , π 2,0 E E = 0 is trivially satisfied, and so π 2,0 E defines an almost complex Poisson structure on E. Remark 2.2. If we consider in above example the particular case of the almost complex Lie algebroid (T F , i F , [·, ·] F , J F ) associated to a complex foliation F , see [18] , then similarly to Proposition 6.1 from [9] , we obtain an almost complex Poisson structure π 2,0 F on T F from a foliated complex symplectic 2-form ω F , that is, ω F is a closed foliated F -holomorphic (2, 0)-form.
Example 2.2. (Complete lift to the prolongation of a Lie algebroid). For a Lie algebroid
with rank E = m we can consider the prolongation of E over its vector bundle projection, see [14, 29, 36] , which is a vector bundle p L :
According to [29, 36] , we can consider the vertical lift s v and the complete lift s c of a section s ∈ Γ(E) as sections of L p (E) as follows. The local basis of Γ(L p (E)) is given by X a (u) = e a (p(u)), ρ . . , n = dim M , a = 1 . . . , m = rank E, is the local basis on T E. Then, the vertical and complete lifts, respectively, of a section s = s a e a ∈ Γ(E) are given by
In particular, e 
where
for S, T ∈ V
• (E), it follows that the bigraduation with respect to the complex structures J E and J c E is preserved when considering the vertical and complete lifts of multisections, that is, if
E is integrable if and only if J E is integrable. Now, from (2.9) and
see [28] , it follows that for the Schouten-Nijenhuis bracket we have
is an almost complex Poisson structure on E, then
Example 2.3. Let us consider again the prolongation Lie algebroid
E) over E from above example, and let ∇ a linear connection on the Lie algebroid E (in particular a Riemannian Lie algebroid (E, g) and the Levi-Civita connection). Then, the connection ∇ leads to a natural decomposition of L p (E) into vertical and horizontal subbundles
are the local coefficients of the linear connection ∇. We notice that, the above decomposition can be obtained also by a nonlinear (Ehresmann) connection.
The horizontal lift s h of a section s = s a e a ∈ Γ(E) to L p (E) is locally given by
Then, there exists an almost complex structure J
A simple example of almost complex Poisson structure on L p (E) with respect to the almost complex structure J 
Taking into account that
R(s 1 , s 2 ) = 0 and T (s 1 , s 2 ) = 0 (in particular, if ∇ is the Levi-Civita connection of a Riemannian metric on E, then T = 0 always). Here, the curvature R satisfies R = −N h , where N h is the Nijenhuis tensor of the horizontal projection. If, moreover, rank E = 2m and J E is an almost complex structure on E, then we can consider its
, which is again an almost complex structure, such that
It is easy to see that the bigraduations with respect to J E and J [26, pg. 155] , as a Lie algebroid structure
Let us briefly recall this construction. The general sections of
, and the anchor map is defined by
Imposing the conditions
, we have, using Leibniz condition, the following expression for
Now, we consider E 1 and E 2 endowed with almost complex Poisson structures J E1 , π
2,0 E1
and
E2 , respectively. We define the almost complex structure
) and the 2-section π
E is an almost complex Poisson structure on the direct product E 1 × E 2 .
Let us consider now π 2,0 E be an almost complex Poisson structure on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ). It is well known that, associated to the real Poisson structure
given by π # E (ϕ)(ψ) = π E (ϕ, ψ) for ϕ, ψ ∈ Ω 1 (E). Then, we can consider the complexified spaces and extend π # E to the complex Grassmann algebras as follows: let I * E be the adjoint of I E = π # E (it is easy to see that I * E = −I E ), then we have
E it can be defined similarly the morphisms
and I E is a morphism of Grassmann algebras, then I E preserves the bigraduation with respect to J E . Now, let π 2,0 E be an almost complex Poisson structure on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) such that J E is integrable. We define the following operators
. Also, in the same way we can define σ E , σ 1 E and σ 2 E in the case when J E is not integrable, but the image space has more components.
If J E is integrable, as usual, we have
for every ϕ ∈ Ω p,q (E). E on an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) with J E integrable defines a ∂ E -symplectic structure on E.
E is a nondegenerate almost complex Poisson structure, then π E = π
E is also nondegenerate and the morphism I E is an isomorphism. Now, we consider ω 2,0 = I
and, since I E is an isomorphism, it follows that ω 2,0 defines a ∂ E -symplectic structure on E. For a complex smooth function f ∈ C ∞ (M ) C , there is an associated complex section of type (1, 0) of E (called the Hamiltonian section associated to f , see also Example 2.1) defined by
From the Jacobi identity of the bracket {·, ·} associated to π E is an infinitesimal automorphism of π E on an almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) is nondegenerated, then J E is integrable, and hence E admits a ∂ E -symplectic structure.
Proof. It is sufficient to prove that the bracket of two sections of type (1, 0) is again of type (1, 0); and this follows because, by Proposition 2.3, the non-degeneracy condition implies that the mapping π E is the associated real Poisson structure on E, then the distribution
is a generalized foliation on M (in the sense of Sussmann).
As well as we seen previously, for an almost complex Poisson structure π 2,0 E on the almost complex Lie algebroid (E, ρ E , [·, ·] E , J E ) such that J E is integrable, we have defined the operator
, for S ∈ V p,q (E). Using the properties of the Schouten-Nijenhuis bracket on E, it is easy to prove that: 
is an almost complex Poisson morphism
is an almost Poisson morphism of real Poisson Lie algebroids. Now, we can induce almost complex Poisson structures on Lie subalgebroids. Let (E, ρ E , [·, ·] E ) be a Lie algebroid over a smooth manifold M . According to [26] , a Lie subalgebroid over M , is given by a vector subbundle p ′ : E ′ → M such that:
) be a M -morphism of Lie algebroids over M . Then, according to [19] is said to be:
where Ann
As usual, we have
between two almost complex Poisson Lie algebroids is an almost complex Poisson morphism if and only if Graph φ is a J E -coisotropic Lie subalgebroid of E = E 1 × E 2 , where J E is the product structure given in Example 2.4.
Proof. We consider the almost complex Poisson Lie algebroids
and the product structure described in Example 2.
is J E -invariant if and only if (J E1 (s), J E2 (φ(s))) ∈ Graph φ, for any s ∈ Γ(E 1 ), or equivalently, (J E2 • φ)(s) = (φ • J E1 )(s), which means that φ is an almost complex morphism of Lie algebroids. Now, let us assume the previous statement, that is, J E be an almost complex structure on Graph φ. Then, Ann (Graph φ)
and by a straightforward calculation we have that Graph φ satisfies (2.10), and hence it is J Ecoisotropic, that is,
if and only if,
that is, φ is a Poisson type morphism.
Some other examples
A general bisection on E is a C ∞ (M )-valued 2-cochain F of E * . It can be regarded as well as defined equivalently by: -a vector bundle map F # : E * → E, or -a section F of the vector bundle E ⊗ E.
The formula (1.10) can be used to define a non-necessary skew-symmetric map
Let G be an endomorphism of E, G * : E * → E * be the dual endomorphism of G and F be a general bisection. Then consider the map [ 
If G has a null Nijenhuis tensor N G = 0 and F is a Poisson tensor, then according to [12, 20, 21] (E, F, G) is a Poisson-Nijenhuis structure if F and G are compatible.
If we suppose now that J E is integrable and π E is an almost complex Poisson structure, then J E and π E are compatible if just (E, π E , J E ) is a Poisson-Nijenhuis structure. The compatibility condition read
We give below examples of integrable almost complex structures J E and almost complex Poisson structures π E that are not compatible and that arise naturally on each sphere S 2n−1 , n ≥ 1. These examples motivate the study of structures J E and π E that are not necessary compatible. Notice that the compatibility of J E and π E is not assumed in the results proved in our paper.
Let n ≥ 1,x = (x α ) α=1,2n ∈ S 2n−1 ⊂ IR 2n , 2n α=1 (x α ) 2 = 1, andX = (X α ) α=1,2n ∈ TxS 2n−1 , thusX ·x = 0, i.e. It can be easily proved that (E, ρ E , [·, ·] E ) is a Lie algebroid.
Consider n ≥ 1. The skew-symmetric matrix J 0 = 0 −I n I n 0 is the same for three structures related to E: an integrable complex structure J on E, a Poisson bisection J : E * → E and the adjoint J * : E * → E * of J. The image of ρ • J gives a regular foliation of S 2n−1 of codimension 1. All these can be proved by straightforward verifications.
For n = 1, the foliation of the Lie algebroid is trivial (by points) on S 1 , since ρ • J is null in this case.
For We study now the compatibility condition between J and J, for n ≥ 1. Consider 1 ≤ α, β, γ ≤ n. Then: We have that J J : E * → E corresponds to the matrix J by − J, the compatibility condition can be fulfilled if n = 1, but it is not the case if n > 1.
